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1. INTRODUCTION
One of the most fundamental inequalities for convex functions is that
w xassociated with the name of Hadamard. This states that if f : a, b ª R is
convex, then
1 f a q f b .  .b
f t dt F . .Hb y a 2a
Hadamard's inequality has recently been extended in two quite different
ways. Recall that the integral power mean M of a positive function f onp
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w xa, b is a functional given by
1rp¡ 1 b p
f t dt , p / 0, .Hb y a a~M f s 1.1 .  .p 1 b
exp ln f t dt , p s 0. .H¢ b y a a
Further, the extended logarithmic mean L of two positive numbers a, b isp
 .given for a s b by L a, a s a and for a / b byp
1rppq1 pq1¡ b y a
, p / y1, 0,
p q 1 b y a .  .
b y a~L a, b s . , p s y1,p
ln b y ln a
 .1r by1b1 b
, p s 0.a¢  /e a
Hadamard's inequality may now be recast as a relationship
M f F L f a , f b .  .  . .1 1
w xbetween integral power means and extended logarithmic means. In 8 the
following extension is derived for this suggestive result.
w xTHEOREM A. If f : a, b ª R is positi¨ e, continuous, and con¨ex, then
M f F L f a , f b , 1.2 .  .  .  . .p p
 .while if f is conca¨e, 1.2 is re¨ersed.
 .Remark. We note that L a, b is the well-known logarithmic meany1
 .  .  .L a, b and L a, b is the identric mean I a, b .0
 .The second extension involves the power mean M x, y; l of order r ofr
positive numbers x, y, which is defined by
1rrr rl x q 1 y l y , if r / 0, . .
M x , y ; l s .r l 1yl x y , if r s 0.
 .In the special case l s 1r2 this notation is contracted to M x, y .r
 .It involves also the alternative extended logarithmic mean F x, y ofr
 .two positive numbers x, y, which is prescribed by F x, x s x and forr
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x / y by
¡ rq1 rq1r x y y
? , r / 0, y1,r rr q 1 x y y
x y y~ , r s 0,F x , y s .r ln x y ln y
ln x y ln y
xy , r s y1.¢ x y y
This includes the usual logarithmic mean as the special case r s 0.
An idea of r-convexity may be introduced ¨ia power means.
DEFINITION. A positive function f is said to be r-convex on an interval
w x w x w xa, b if, for all x, y g a, b and l g 0, 1 ,
f l x q 1 y l y F M f x , f y ; l . 1.3 .  .  .  . .  .r
This definition of r-convexity complements naturally the concept of
 w x.r-concavity in which the inequality is reversed see 10 . This concept plays
an important role in statistics.
Our definition of r-convexity can be expanded as the condition that
l f r x q 1 y l f r y , if r / 0, .  .  .
rf l x q 1 y l y F . . l 1yl f x f y , if r s 0. .  .
For a positive function f , it is applicable for nonintegral values of r. Also,
suppose as is usual that f is nonnegative and possesses a second deriva-
tive. If r G 2, then
2X Y2 2 r ry2 ry1d rdx f s r r y 1 f f q rf f , .  .
which is nonnegative if f Y G 0. Hence under the restrictions noted, ordi-
nary convexity implies r-convexity. The reverse implication is not the case,
 . 1r2as is shown by the function f x s x for x ) 0.
 wWe note that the standard definition of r-convexity see 5, Chap. 1,
x.  r .Sect. 6 is quite different. Recall that when the derivative f exists, f is
 r .  w x.r-convex if and only if f G 0 see 5, Chap. 1, Theorem 1 . Consider the
function
f x [ x x 3 y x 2 q 1 .  .
 . 2. 3.on I s 1r2, 1 . For x g I, we have f - 0 but f ) 0, so f is 3-convex
but not convex. The function g s yf on the same domain is a function
which is convex but not 3-convex.
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After this lengthy aside, we are ready to state the second extension of
w xHadamard's inequality, which was established recently in 4 . This relaxes
the assumption of convexity to one of r-convexity.
w xTHEOREM B. Suppose f is a positi¨ e function on a, b . If f is r-con¨ex,
then
1 b
f t dt F F f a , f b , 1.4 .  .  .  . .H rb y a a
while if f is r-conca¨e, the inequality is re¨ersed.
In Section 3 we prove a result which subsumes Theorems A and B as
special cases. The relevant generalization of L and F turns out to be thep r
 .  w x.well-known Stolarsky mean E x, y; r, s see Stolarsky 9 . This is given by
 .E x, x; r, s s x if x s y ) 0 and for distinct positive numbers x, y by
 .1r syrs sr y y x
E x , y ; r , s s , r / s and rs / 0, . r rs y y x
1rrr r1 y y x
E x , y ; r , 0 s E x , y ; 0, r s , r / 0, .  .
r ln y y ln x
 r r .r 1r x yyxx
y1r rE x , y ; r , r s e , r / 0, . ry /y
’E x , y ; 0, 0 s xy . .
 .  .  .  .Clearly E x, y; 1, p q 1 s L x, y and E x, y; r, r q 1 s F x, y .p r
The key to our proof is a new integral representation of Stolarsky's
mean. This is of some interest in its own right and is presented in Sec-
tion 2.
In Section 4 we establish a related generalization of the
w xFink]Mond]Pecaric inequalities 3, 6 .Ï Â
2. INTEGRAL REPRESENTATIONS
w xCarlson 1 has established the integral representation
y1dt1
L x , y s , 2.1 .  .H tx q 1 y t y .0
w xwhile Neuman 7 has given the alternative integral representation
1 t 1ytL x , y s x y dt . 2.2 .  .H
0
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 .  .Let M f denote the integral mean 1.1 for a s 0, b s 1, and putp
 .  .e t [ tx q 1 y t y. A simple evaluation of the right-hand side showsx, y
that
L x , y s M e , .  .p p x , y
 .which provides a generalization of the integral representation 2.1 for the
 .extended logarithmic means L x, y . Similarly we can derivep
1
F x , y s M x , y ; t dt .  .Hr r
0
 .as a natural extension of 2.2 .
 .In the above we regard M x, y; t as a function of the parameter t. Setr
m t [ M x , y ; t . .  .r , x , y r
Then we may evaluate the integrals on the right-hand side of
 .1r syr¡ 1 syr
M x , y ; t dt , s / r . .H r
0~M m s 2.3 .  .syr r , x , y
1
exp ln M x , y ; t dt , s s r .H r¢
0
to give a simple derivation of the representation
E x , y ; r , s s M m . 2.4 .  .  .syr r , x , y
3. HADAMARD'S INEQUALITY FOR
r-CONVEX FUNCTIONS
w xTHEOREM 3.1. Suppose f is a positi¨ e function on a, b . Then if f is
r-con¨ex,
M f F E f a , f b ; r , p q r , 3.1 .  .  .  . .p
while if f is r-conca¨e, the inequality is re¨ersed.
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Proof. First we suppose r-convexity. Let p / 0. Then
1rp1 b pM f s f t dt .  .Hp b y a a
1rp
1 ps f sb q 1 y s a ds . .H
0
1rp
1 pF M f b , f a ; s ds . .  . .H r
0
 .  .From 2.3 and 2.4 we deduce that
M f F M m s E f a , f b ; r , r q p . .  .  .  . .p p r , f b. , f a.
Similarly, for p s 0, we have
1 b
M f s exp ln f t dt .  .H0 b y a a
1
s exp ln f sb q 1 y s a ds . .H
0
1
F exp ln M f b , f a ; s ds .  . .H r
0
 .  .and again from 2.3 and 2.4 we derive
M f F M m s E f a , f b ; r , r . .  .  .  . .0 0 r , f b. , f a.
The proof in the case of r-concavity is exactly similar.
 .Remark. For p s 1, 3.1 becomes
M f F E f a , f b ; r , r q 1 , .  .  . .1
 .that is, 1.4 , while for r s 1 we have
M f F E f a , f b ; 1, p q 1 , .  .  . .p
 .which is 1.2 . Thus our result subsumes Theorems A and B.
We observe that an r-convex function f can be defined on a convex set
 .U in a real linear space X with 1.3 holding whenever x, y g U and
w xl g 0, 1 . This leads to the following result.
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 .THEOREM 3.2. Suppose f is a positi¨ e function on U ; X , where U is
con¨ex and X a linear space. Then if f is r-con¨ex,
M f e F E f a , f b ; r , p q r , .  .  . . .p a , b
while if f is r-conca¨e, the inequality is re¨ersed.
4. A FURTHER GENERALIZATION OF THE
Ï ÂFINK]MOND]PECARIC INEQUALITIES
w xThe following generalization of Fink]Mond]Pecaric inequalities 3, 6Ï Â
w xwas obtained in 4 .
w xTHEOREM C. Let w be a nonnegati¨ e, integrable, e¨en function on y1, 1
with positi¨ e integral and let f be a positi¨ e function.
 .a If f is r-con¨ex, then for r F 1,
H1 f x q ¨t w t dt f x q ¨ q f x y ¨ .  .  .  .y1 F , 4.1 .1 2H w t dt .y1
while if r G 1,
H1 f x q ¨t w t dt .  .y1 F M f x q ¨ , f x y ¨ . 4.2 .  .  . .r1H w t dt .y1
 .  .b Suppose f is r-conca¨e. Then if r F 1, the inequality 4.2 is
 .re¨ersed, while if r G 1, the inequality 4.1 is re¨ersed.
We extend these results to allow a power mean of order p on the
 .  .left-hand sides of 4.1 and 4.2 in place of an arithmetic integral mean.
The power mean of order p is defined by
1rp1 p¡ H f t w t dt .  .y1
, p / 01H w t dt .y1~ÄM f , w s .p 1H w t ln f t dt .  .y1
exp , p s 0.1 5¢ H w t dt .y1
w xWe shall need the following useful result due to Fejer 2 .Â
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w x w xLEMMA 4.1. Suppose h: a, b ª R is con¨ex and w: a, b ª R a
nonnegati¨ e, integrable function with positi¨ e integral and such that
1
w a q t s w b y t , 0 F t F b y a . 4.3 .  .  .  .
2
Then
a q b H b w t h t dt h a q h b .  .  .  .a
h F F . 4.4 .b /2 2H w t dt .a
The inequality is re¨ersed if h is conca¨e.
We shall derive the following generalization of Theorem C.
THEOREM 4.1. Let w be a nonnegati¨ e, integrable, e¨en function with
Äw x  .positi¨ e integral o¨er y1, 1 , and let f be a positi¨ e function. Put f t [
 . w xf x q ¨t for t g y1, 1 .
 .  4a If f is r-con¨ex and m s max r, p , then
Ä ÄM f , w F M f x q ¨ , f x y ¨ . 4.5 .  .  . . .p m
 .  4b If f is r-conca¨e and m s min r, p , then the inequality is re¨ersed.
 .Proof. a Take f to be positive and r-convex. First suppose that
pr / 0. Since f is r-convex, we have
1 q t 1 y t
f x q ¨ q x y ¨ .  . /2 2
1rr1 q t 1 y t
r rF f x q ¨ q f x y ¨ . .  .
2 2
Therefore
Ä ÄM f , w .p
1rp1 pH f x q ¨t w t dt .  .y1s 1H w t dt .y1
1rpprr1 r rH 1qt r2 f xq¨ t q 1yt r2 f xy¨ w t dt .  .  .  .  . .  .y1F 1H w t dt .y1
1rp1H h t w t dt .  .y1s , 4.6 .1H w t dt .y1
 . w . . r .  . . r .x pr rwhere h t s 1 q t r2 f x q ¨ q 1 y t r2 f x y ¨ .
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 . w xWe have that h t is convex on y1, 1 for r F p and concave for r G p.
 .  .  .Since w is even, w y1 q t s w 1 y t , so that 4.3 holds for a s y1,
b s 1. Hence by Lemma 4.1
prrr r 1f x q ¨ q f x y ¨ H w t h t dt .  .  .  .y1F 1 /2 H w t dt .y1
f p x q ¨ q f p x y ¨ .  .
F
2
applies if r F p and the reverse inequality holds for r G p.
If r F p with p ) 0, we may take pth roots to derive
1rp1H w t h t dt .  .y1
M f x q ¨ , f x y ¨ F .  . .r 1 /H w t dt .y1
F M f x q ¨ , f x y ¨ . 4.7 .  .  . .p
 .The same conclusion holds if r G p with p - 0. The inequalities in 4.7
are reversed if r F p with p - 0 or r G p with p ) 0. Coupling these
 .  .results with 4.6 gives part a of the enunciation for the case pr / 0.
Now suppose r s 0 and p / 0. Then we have
1rp1 pH f x q ¨t w t dt .  .y1Ä ÄM f , w s .p 1H w t dt .y1
1rp . .  . .p 1qt r2 p 1yt r21H f x q ¨ f x y ¨ w t dt .  .  .y1F . 4.8 .1H w t dt .y1
Put
 . .  . .p 1qt r2 p 1yt r2h t s f x q ¨ f x y ¨ . .  .  .
 .Then h is convex, and by 4.4
1 p p
p H w t h t dt f x q ¨ q f x y ¨ .  .  .  .y1’f x q ¨ f x y ¨ F F . .  . / 1 2H w t dt .y1
 .For p ) 0, we get 4.7 with r s 0. For p - 0 the inequalities are reversed.
 .  .So by 4.8 , we again have 4.5 .
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Suppose r / 0 and p s 0. Then we have
Ä ÄM f , w .0
1  .  .H w t ln f x q ¨t dty1F exp 1  .H w t dty1
1r r1 r rw x .  . .  .  . .  .H w t ln 1 q t r2 f x q ¨ q 1 y t r2 f x y ¨ dty1F exp . 4.9 .1  .H w t dty1
The function
1rr1 q t 1 y t
r rh t [ ln f x q ¨ q f x y ¨ .  .  .
2 2
 .is convex for r - 0 and concave for r ) 0. So, for r - 0, 4.4 gives
H1 w t h t dt .  .y1
ln M f x q ¨ , f x y ¨ F .  . .r 1H w t dt .y1
F ln M f x q ¨ , f x y ¨ . 4.10 .  .  . .0
 .  .The inequalities are reversed if r ) 0. By 4.9 and 4.10 we again have
 .4.5 .
Finally, suppose r s 0, p s 0. We have
1H w t ln f x q ¨t dt .  .y1Ä ÄM f , w s exp .0 1H w t dt .y1
 . .  . .1qt r2 1yt r21H w t ln f x q ¨ f x y ¨ dt .  .  .y1F exp 1H w t dt .y1
s M f x q ¨ , f x y ¨ . .  .0
 .Thus a is established in all cases.
 .b The proof is similar.
Remark. Suppose U is a convex set in a real linear space X. Then the
conclusion of Theorem 4.1 holds when x, ¨ g X are such that x q ¨ , x y ¨
 .g U and f : U ª R is r-convex r-concave on U.q
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